A GEOMETRIC THEORY OF SOLUTION OF
LINEAR INEQUALITIES*

BY
RUTH WYCKLIFFE STOKES

1, Introduction. The general theory of solution of linear inequalities has
been treated previously by at least two authors, and particular aspects of
the subject have been discussed by others.

Minkowski’st treatment is built around the theorem that the general
solution of a set of linear homogeneous inequalities of the form

1.1) SN% z 0 G=1, -, N),
t=1

in which the N\’s are the unknowns, is a linear homogeneous combination of a
fundamental set of particular solutions. Because of this, his theory has a
marked analogy with the theory of linear equations. His treatment of (1.1)
is theoretically complete, and his ideas are of such a fundamental nature that
they will necessarily appear in some guise in any thorough discussion of the
subject.

Dines} gives a necessary and sufficient condition that a system of the
form

(1.2) SNxl >0

i=1

have a solution, and a criterion for the degree of arbitrariness of the general
solution. These are stated in terms of what he calls the /-rank of the system,
this quantity being defined in terms of a sequence of matrices formed from

* Presented to the Society, April 3, 1931; received by the editors in March, 1931; presented, in
substance, as a Doctor’s dissertation at Duke University.
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the matrix of the coefficients. It is in this particular that his theory has its
analogy (not so close as Minkowski’s) with the theory of linear homogeneous
equations. In addition, he gives a method of finding the general solution of
(1.2), which appears in unattractive form due to its lack of symmetry.* He
has also considered particular problems of related types such as the deter-
mination of a particular positive solution of a system of linear homogeneous
equations.

Minkowski also considers briefly system (1.2). He gives a necessary and
sufficient condition that it have a solution but does not give its general
solution.

Carvert gives a necessary and sufficient condition for the non-existence of
solutions of (1.2). He also considers questions of independence and equiva-
lence.

The present paper is designed to obtain results combining the advan-
tages of the work just cited, and extending it. The theory of systems (1.1) is
developed in such a form that it readily gives a solution of any system formed
by uniting a system (1.1), a system (1.2), and a system

(1.3) >Nz = 0.
=1

We thus have a theory which has three extreme cases: Minkowski’s system,
Dines’ system, and a system of linear homogeneous equations. The present
paper exhibits the general solution of (1.1) in Minkowski’s form and the gen-
eral solution of the combined problem in a similar form. It makes the numeri-
cal work of solution center about a single matrix formed from the matrix of
coefficients.

The method of developing the necessary theory is geometric in the follow-
ing sense. For three dimensions the theorems are capable of visualization and
in fact are almost intuitively obvious. When proofs of them are formulated
in terms of analytic geometry, their extension to #» dimensions, together with
the necessary proofs, is immediate. Although Minkowski’s treatment occurs
in a book on the geometry of numbers and occasionally employs geometric
nomenclature, both his treatment and Dines’ are essentially analytic.

The two- and three-dimensional cases are treated in detail at the start in
order to exhibit the geometric character of the reasoning (§§4 and 5).

A geometric method distinct from that of the present paper is employed

* L. L. Dines, Systems of linear inequalities, Annals of Mathematics, (2), vol. 20 (1918-19), p. 199.
t W. B. Carver, Systems of linear inequalities, Annals of Mathematics, (2), vol. 23 (1921), pp.
212-220.
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by Lovitt* in the solution of a particular problem in three unknowns.}

2. Statement of the problem. It is proposed to solve the system of ine-
qualities (1.1) in which the coefficients x are known and the N’s are to be
determined.

Every system (1.1) is satisfied by A¢ =0. This will accordingly be called
the trivial solution. Any other solution will be by definition non-trivial.

In order to apply geometric methods to the solution of this problem, it is
convenient to recall certain properties of euclidean space of # dimensions
referred to a rectangular cartesian codrdinate system, or to a system arising
from a rectangular cartesian system by a linear homogeneous transforma-
tion.}

A linear homogeneous expression in the coordinates x, at least one of
whose coefficients is not zero, defines an oriented (n—1)-flat (passing through
the origin§). Points whose codrdinates make this expression positive lie on
the positive side of the (n—1)-flat, those making it negative lie on the negative
side, and those making it zero lie on it.

Two oriented (n—1)-flats are the same if and only if the expression de-
fining one is a positive multiple of that defining the other.

The totality of points on an oriented (n—1)-flat forms an unoriented
(n—1)-flat whose equation is obtained by equating to zero the expression de-
fining the oriented (z —1)-flat.

An (n—1)-flat (oriented or unoriented) separates a pair of points if and
only if the substitution of the codrdinates of those points in the expression
defining it gives opposite signs.

To each condition (1.1) there corresponds a point (x/, - - -, x/) in n-
space. The given system is thus represented geometrically by a set of points
which we shall denote by S,.Y

* W. V. Lovitt, Preferential voting, American Mathematical Monthly, vol. 23 (1916), pp. 363-66.

t In order to render the bibliography more nearly complete, we cite here two papers whose ex-
istence has been called to our attention, but which we have not seen. They are by M. Fujiwara and
appear in the 1928 and 1930 volumes of the Proceedings of the Imperial Academy, Tokyo.

} We find it desirable to describe the admissible cosrdinate systems in this manner. Any given
set of data is most conveniently represented by interpreting the cosrdinates as rectangular cartesian.
But this interpretation of x, y, z being once chosen (we take »=3 for illustration), it is convenient at
times to choose #, y as the cosrdinates in a plane through the origin oblique to the coérdinate planes,
and x, y are not rectangular cartesian coérdinates for that plane.

§ For our purpose it suffices to consider only flats containing the origin, and we shall understand,
even in the absence of express mention of the fact, that every geometric element of one or more dimen-
sions contains the origin, except in §15.

9 Dines, Annals of Mathematics, (2), vol. 27 (1926), pp. 58-59, mentions that the representation
of each condition can be accomplished by means of a point or by means of a vector. He uses the latter
representation to describe the condition for non-existence of a solution of (1.2). He does not represent
the solution geometrically, however, and does not employ a geometric method of reasoning in obtain-
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To any non-trivial solution X of (1.1) there corresponds an oriented
(n—1)-flat determined by the expression

(2.1) 2N,
i=1
such that none of the points of S, is on the negative side of it.*

Conversely, the coefficients of any oriented (»—1)-flat having this prop-
erty give a non-trivial solution of (1.1).

Two solutions of (1.1) will be called the same if the corresponding two
(n—1)-flats are the same. Hence the solution of (1.1) can be accomplished by
finding every oriented (n—1)-flat having the property that no point of S,
lies on the negative side of it.

A necessary condition on a solution is that the corresponding unoriented
(n—1)-flat do not separate any two points of the set.

3. Reduction of dimensionality. If the rank of the matrix

(3.1) [

is r <n, the given points S, lie in an r-flat, II,. As coérdinates in that r-flat
we may take any 7 of the codrdinates x such that the matrix formed from the
corresponding columns of (3.1) is of rank 7. For convenience of language we
assume that x,, - - - , x, are the coordinates in II,. The remaining #»—r co-
ordinates %,,1, - - - , %, are linear homogeneous functions of them.

If an unoriented (z—1)-flat contains II,, either oriented (»—1)-flat asso-
ciated with it gives a solution. This solution, being of the particular type
which makes every left member of (1.1) zero, will be called an equality
solution.

If an oriented (»—1)-flat defined by an expression

(3.2) a(x)

does not contain II,, then it meets II, in an oriented (r —1)-flat whose defining
expression, when it is regarded as an oriented hyperplane in the space of r
dimensions, can be obtained by eliminating %1, - - - , %, from (3.2) by means
of the equations defining II,. Hence (3.2) regarded as an (n—1)-flat in n-
space separates two points of S,, if and only if it separates them when it is

ing his results. Actually, when the coordinates are rectangular cartesian, the vector used by Dines in
describing the condition for the non-existence of solutions of (1.2) is the directed normal to the
(n—1)-flat which we employ to represent the solution.

* Following a well established practice in the application of geometric methods to analysis, we
regard the solution, the corresponding (n— 1)-flat, and its defining linear homogeneous expression as
identical.
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regarded as an (r—1)-flat in II,. Given an (r—1)-flat defining a solution in
II,, any (n—1)-flat containing it, when given the proper orientation, defines
a solution in #n-dimensional space, and, conversely, every solution not con-
taining II, in #n-dimensional space is obtained in this manner.

Let o be the general solution of the problem in II,. Let the expressions
whose vanishing defines I, be %,,1, - - - , u,. Then

(3.3) o+ D atu

i=r41

where the a’s are arbitrary real constants, is an (n—1)-flat whose trace on
I, is o. Hence (3.3) is a solution in # dimensions. Conversely, any solution in
n dimensions is a linear homogeneous function of the x’s which reduces to
o on II, and has, therefore, the form (3.3). Accordingly, (3.3) gives the
general solution in # dimensions. The solutions containing II, are obtained
by making ¢ =0 in (3.3).

Because of the above result, in the sequel we need only indicate how to
solve (1.1) when its matrix is of rank #, i.e., when the set S, (plus the origin)
is actually #-dimensional.

A useful consequence of the above is

THEOREM 1. The intersection of two solutions o, a' is an (n—2)-flat which is
a solution of the problem for n—1 dimensions defined by the points of the set
in o, and also of the problem defined by the points of the setin o'

Since o is a solution for the whole set of points, it is a solution for the
points contained in ¢’ and by the result given above must intersect ¢’ in a
solution for the set of points in o’

4. Linear homogeneous inequalities in two variables. In accordance
with the results developed in the last section, it is sufficient to discuss the
case where not all the representative points lie on a single line through the
origin.

A non-trivial solution is necessarily of one of two types: it may contain a
point of the set other than the origin, in which case it will be called a fun-
damental solution; or it may contain no such point.

Suppose the system proposed has a solution o of the latter type. If the
line representing it be rotated without passing through a point of the set, it
continues to represent a solution. If it be so rotated until it contains a point
of the set, it becomes a fundamental solution. As the rotation can take place
in either sense, two fundamental solutions are thus obtained. If these funda-
mental solutions coincided, the set of points would be collinear with the
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origin, contrary to hypothesis. Hence there exist two fundamental solutions
o, and o,. Moreover, we can write

(41) o = ac + b0'2

where @ and b are constants. Since ¢ and o, are positive for any point of the
set on g2, a must be positive. In similar fashion b is proved positive.

Conversely, if the constants in the right member of (4.1) are given ar-
bitrary positive values, the expression ¢ is positive for any point of the set
because o, and o, have non-negative values for any point of the set and
vanish simultaneously at no point of the set.

THEOREM 2. The system
(4.2) Xx7+”ylg() (]‘: 1’ 2’-..,N)’

whose matrix is of rank two, has a solution which is not a fundamental solution if
and only if it has two fundamental solutions o1 and 2. The general solution of
(4.2) which contains no point of the set is then expressible as

aoy + b172,

where a and b are arbitrary positive constants.

A consequence of the above is that if (4.2) has only one fundamental solu-
tion, that fundamental solution is the only solution.

THEOREM 3. The system
(4-3) )\xi+#3’i20 (j=1’27"')N)’

whose matrix is of rank two, may have zero, one, or two fundamental solutions.
Its general solution is a linear homogeneous combination of all the fundamental
solutions, the coefficients being arbitrary non-negative constants.

5. Linear homogeneous inequalities in three variables. Here it is suffi-
cient to discuss the case where not all the representative points lie on a single
plane through the origin.

A non-trivial solution is necessarily of one of the three types: (i) it con-
tains two points of the set that are not collinear with the origin, in which case
it will be called a fundamental solution; (ii) it contains one point P of the set
but no other point not collinear with P and the origin; or (iii) it contains no
point of the set.

Suppose the system proposed has a solution o of the second type, contain-
ing the point P of the set. A plane coinciding initially with ¢ can be rotated in
either sense about the line OP without passing through a point of the set
until it contains another point of the set and thus becomes a fundamental
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solution. If the two fundamental solutions so obtained coincided, all the
points would be coplanar with the origin, contrary to hypothesis. Hence
there are two fundamental solutions o, and ¢,, coaxial with ¢, and ¢ can be
expressed in the form

(5.1) o = aoy + bay,

where @ and b are constants. By considering a point of the set in o» and not
in g, we prove that a is positive. Similarly b is positive.

Suppose the system proposed has a solution ¢ containing no point of the
set. We may rotate a plane initially coinciding with o about any line in ¢
through the origin until the variable plane contains a point of the set. Hence
there is a solution of type (i) or (ii) and consequently at least one fundamental
solution. Let o, be any fundamental solution. Rotate a plane initially coin-
ciding with ¢ about the intersection of ¢ and o, until it contains a point of the
set. Let the final position be ¢’. The rotation can be accomplished in either
sense. The two solutions so obtained could coincide with o, only if the given
point set were coplanar with the origin. Hence we may assume that ¢’ is
distinct from ¢,, and we have

(5.2) o = aog, + bd’,

where a and b are constants. By substitution of the cosrdinates of a point of
the set which is on ¢’ but not on ¢;, we prove that ¢ is positive. Likewise b is
positive. Now ¢’ is a solution of type (i) or (ii). If of type (i), ¢’ is a fundamen-
tal solution in (5.2). If of type (ii), formula (5.1) applies to ¢’, and we have
on substituting in (5.2)

(5.3) ¢ = ao1 + bos + cos,

where ¢, b and ¢ are positive constants.

Let 04, 03, - -, 0, be the complete system of fundamental solutions, i.e.,
include all the fundamental solutions there are. Then by the above discussion,
any solution o of (1.1) can be expressed in the form

P
(5.4) g = Za‘a;,
=1
where the a’s are non-negative constants. Conversely, it is seen that (5.4)
is a solution for arbitrary non-negative values of the a’s because at any point
of the given set the right member of (5.4) is computed by addition and mul-
tiplication from non-negative numbers.
The number of fundamental solutions in three dimensions may have any
value. If we take as the given points the vertices of a convex polygon of .\’
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sides whose plane does not contain the origin, the system has N fundamental
solutions, as is readily seen geometrically.

6. Rotation of an (#—1)-flat in #-dimensional space. If ¢ and 7 are two
distinct oriented (#n—1)-flats, they intersect in an (z—2)-flat which is con-
tained by the (n—1)-flat

(6.1) o cos a + 7sin q,

where « is any constant.

For a =0, (6.1) is the (n—1)-flat ¢. If « increases continuously from zero
to any positive value ai, expression (6.1) for any value on the interval
(0, a1) represents an (n—1)-flat through the intersection of ¢ and 7. The
passage from ¢ to o cos a;+7 sin a; can be defined as a rotation™® in the positive
sense. In the same way, if a decreases from zero to any negative value as,
the passage from ¢ to ¢ cos a,+ 7 sin a, can be defined as a rotation in the
negative sense. The intersection of ¢ and 7 can be called the axis of the rotation.
If the codrdinates of any point P not on the axis are substituted in (6.1) and
the result is placed equal to zero, an « can be found for which the (z—1)-flat
(6.1) contains P. Moreover, there will be both a positive and a negative «,
i.e., the rotation can be accomplished in either one of two senses. If a finite set
of points is given, we can determine the least positive o corresponding to
each of them. The point, or points, in the set having the smallest positive «,
say ao, is the first point reached in the rotation in the positive sense. The
result of substituting the codrdinates of any point of the set in (6.1) is a con-
tinuous function of «, say f(a), which does not vanish within the interval
(0, o). Hence f(e) does not change sign on the closed interval (0, ay), i.e., if
o is a solution of the inequalities for the given set of points, then the final
position of (6.1), namely, o cos ao + 7 sin a, is also a solution.

7. Linear homogeneous inequalities in # variables. The generalization to
the problem in » variables follows readily from the preceding case of three
variables. Here we shall discuss the case where not all the representative
points lie on a single (» —1)-flat through the origin.

A given non-trivial solution is necessarily of one of the # types (i) it
contains #—1 points of the set that are not on an (z—2)-flat, in which case
it will be called a fundamental solution; (ii) it contains n»—2 points of the set
which determine an (7 —2)-flat, but no points of the set not on that (n—2)-

* It is not to be supposed that « is the measure of the angle through which the (1 —1)-flat is
rotated. The latter is a function of &, whose explicit expression in terms of « can be obtained when the
expression for the linear element in the cosrdinates x is known. This expression is of no use in the
present discussion.
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Suppose the system proposed has a solution ¢ which contains / points of
the set which determine an I-flat but no points of the set not on that /-flat.

If I<n—1, there is an (n—1)-flat 7, distinct from ¢ and containing the J
points. o and 7, intersect in an (n—2)-flat. Let a variable (» — 1)-flat, initially
coinciding with o, be rotated without passing through a point of the set until
it contains another point P of the set and thus becomes a solution 7, contain-
ing at least /41 points of the set not on an /-flat. The rotation can be accom-
plished in either of two senses. If the two solutions so obtained coincided
with 7,, all the points would be in the same (#—1)-flat, namely 7,, contrary
to hypothesis. Hence we may assume 7;7#7,. Since the three (n—1)-flats are
coaxial,

(7.1) g = ary + b7y,

where a and b are constants. At a point of S, in 75, but not in 7,, the quanti-
ties o and 7, are positive and 7. is zero. Hence a is positive.

If the points of S, in 7, lie in a flat of less than #»—1 dimensions, this
process can be repeated. Finally, we obtain a solution which is the (n —1)-flat
determined by #—1 points of the set, i.e., a fundamental solution containing
the | points which are in o.

Let ¢, be any fundamental solution containing the / points. In the above
argument it can replace 7, so that we have

(7.2) o = aoy + br,

where a is positive. It is in this case possible to prove that b is also positive.
o1, being distinct from 7, and containing »—1 points of the set, contains a
point of the set not in 7.. The substitution of this point in (7.2) makes o,
zero, and ¢ and 7, positive. Hence b is positive.

The solution 7, contains at least /+1 points of the set not on the same
I-flat. The above general result shows that there is a fundamental solution o
containing the same points of the set as 7,. If o; were the same as o3, then o
would contain at least /41 points of the set not on the same /-flat. Hence
and o, are distinct.

Moreover, we have, by the above general argument,

To = CO9 + dTa,

where ¢ and d are positive constants.
This process can be continued until a 7, which contains #—1 points is
obtained. The number of operations p —1 is at most equal to n—1—1]. Hence

(7.3) p+i1=n.

Since 7, is a fundamental solution, we write it ¢, and we have
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(7.4) ¢ = aloy + aoy + - - - +.aPoy,

where the a’s are positive constants. The ¢’s aredistinct fundamental solutions.
We have already seen that any two consecutive ¢’s are distinct. o3 is distinct
from o, because it has a point in common with o, which is not contained in
1. Similarly for any other non-consecutive pair.

The totality of fundamental solutions containing the / points is called the
complete system of fundamental solutions containing those points. The number
of such solutions is necessarily finite because only a finite number of (n—1)-
flats are determined by a finite number of points.

If there is a fundamental solution ¢, containing the / points and distinct

from ¢, - - -, 0,, we may repeat the above process, getting

(7.5) o= a* oy + - - - + atey,

where the ¢’s are positive constants, and 0,41, - - -, 0, are distinct funda-
mental solutions containing the / points. We do not know they are all distinct
from gy, - - -, 0,. The addition of (7.4) and (7.5) gives an expression for ¢ in
which gy, - - - , 0,41 surely occur with positive coefficients. If there is a funda-

mental solution through the / points not appearing in the right hand member,
we may repeat the process.

If a solution ¢ contains / points of the set and in addition other points of
the set not on the /-flat determined by them, there is a set of /' points con-
taining the / points, to which the above argument is applicable. Hence any
solution through / points of the set can be expressed as a linear homogeneous
combination of the complete system of fundamental solutions through those
! points, the coefficients being non-negative. Conversely, any linear homo-
geneous combination of the complete system of fundamental solutions
through the / points, the coefficients being arbitrary non-negative constants,
obviously passes through the / points, and is a solution because its value at
S, is computed by multiplication and addition from non-negative numbers.

THEOREM 4. If the representative points do not all lie in an (n—1)-flat
through the origin, the general solution of

Z)“x:go U=1’27"'11V)’
i=1

containing a specified sub-set of the given set of points S., is a linear homogeneous
combination of the complete system of fundamental solutions containing those
points, the coefficients being arbitrary non-negative constants.

A corollary is Minkowski’s theorem:



792 R. W. STOKES [July

THEOREM 5. The general solution of the system

Z)\'x:go (]‘=1’2",,,1\7)’
=1
whose representative points do not all lie in an (n—\)-flat through the origin, is
a linear homogeneous combination of the complete system of fundamental solu-
tions, the coefficients being arbitrary non-negative constants.

If the complete system mentioned in either of the two foregoing theorems
is vacuous, the general solution is the trivial solution.

Suppose a solution ¢ contains a set 4 of points and contains no point of
another set B. By Theorem 4, we know that ¢ can be expressed in the form
(7.4), where the a’s are non-negative and the ¢’s are fundamental solutions
through A. In order that ¢ do not contain a given point of B, at least one o;
must not contain that point. Hence, a necessary condition for the existence of
o is that corresponding to every point of B there be at least one fundamental solu-
tion through the points A not containing .

Any fundamental solution through 4 which does not contain all the
points B can be employed as the o, in (7.2). If we use every such fundamental
solution in turn as the ¢, in (7.2) and add the resulting (7.4)’s, we have o ex-
pressed as a linear homogeneous expression in which every fundamental solu-
tion passing through 4 and not containing all points of B occurs with a posi-
tive coefficient, and we are sure that the other coefficients are non-negative.

Conversely, if the necessary condition of the theorem is fulfilled, a linear
homogeneous combination of the complete system of fundamental solutions
through A4 in which every fundamental solution not containing all points of
B has an arbitrary positive coefficient and those containing all points of B
have non-negative coefficients satisfies the system, obviously contains 4, and
contains at least one non-vanishing ¢ corresponding to every point of B.
Hence we have.the

FUNDAMENTAL THEOREM 6. The system

Z)\txi =0,

t=]
whose representative points do not all lie in an (n—1)-flat through the origin, has
a solution containing every point of a specified sub-set A of the given set of points
and containing no point of another specified sub-set B if and only if correspond-
ing to every point of B there is at least one fundamental solution through A not
containing it. When a solution exists, the general solution is a linear homogen-
eous combination of the complete system of fundamental solutions through A, the
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coefficient of every fundamental solution not containing all points B being an
arbitrary positive constant, and that of every fundamental solution containing all
points B being an arbilrary non-negative constant.

Making the point set B contain all points of S, not in the flat space de-
termined by 4, since no fundamental solution through 4 contains all points
of B in this case, we get

THEOREM 7. If the representative points do not all lie in an (n—1)-flat
through the origin, the general solution of the system
E)\ixii =20

t=1

which contains a subset A of the given set and contains no points of the given set
not on the flat space determined by A, is a linear homogeneous combination of
the complete system of fundamental solutions through A, the coefficients being
arbitrary positive constants.

If the complete system of fundamental solutions referred to in the preced-
ing theorem is vacuous, there is no solution to the problem.

If A contains no points, we have a new solution of the problem (1.2) con-
sidered by Dines:

THEOREM 8. If the representative points do not all lie in an (n—1)-flat
through the origin, the general solution of the system

S\xl =0

=1
which contains no points of the given set is a linear homogeneous combination of
the complete system of fundamental solutions, the coefficients being arbitrary
positive constants.

Again, if the complete system referred to is vacuous, there is no solution.

8. Necessary and sufficient conditions for the existence of a non-trivial
solution. In the preceding section we proved that a system of inequalities
(1.1) has a non-trivial solution only if it has a fundamental solution. This
condition is obviously also sufficient. We propose in the present section to get
the necessary and sufficient condition in a slightly different form.

Given a set of points S, having a fundamental solution II,_; containing
I points of the set which determine an /-flat. Consider the points of S, con-
tained in II,_;. They form a set which we call S,_;. Let II,_, be a funda-
mental solution, through the same / points, for the set S,._;. And so on until
a II, is reached, which is a fundamental solution for the points S+ of S, in
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I ,.41, and is such that the points S, in II,, have only the trivial solution. S..
will be called the inconsistent set containing the given I points. Clearlyl<m <n.

THEOREM 9. Every solution for the set S. which passes throughl given points
must contain the corresponding inconsistent set S .

Any solution ¢ for the set S, which is distinct from II,_, will, by Theorem
I, meet II,_; in a solution for S,_i. The latter solution will meet IT,_, in a
solution for S,_;, and so on until we reach a solution for set S,..1. If that solu-
tion were distinct from II,, it would meet II,, in a non-trivial solution for
S». As such a solution does not exist, the solution for the set S, finally
reached must coincide with II,.. Hence ¢ contains II,,.

THEOREM 10. A solution containing a given set of I points and the l-flat de-
termined by them, but no other points of the set, exists, if and only if | =m, that
is, if the inconsistent set for the | points is contained by the l-flat determined by
them.

THEOREM 11. There are exactly n—m linearly independent fundamental
solutions through | points determining an I-flat, where m is the dimensionality
of the inconsistent set containing the I points.

In the space II,.+1 above there is one and only one fundamental solution
I1,. for the set S,41. Let us assume that in II,,,, there are a linearly indepen-
dent fundamental solutions for Snys. In II,,4,1 we know the existence of one
fundamental solution, namely, IT,.;.. We can rotate an (m+a)-flat, initially
coinciding with II,..,, ahout any one of the fundamental solutions in I,
for S..+.. This rotation can be carried out in either of two senses. Since by
the result of §3 any (m+a)-flat which passes through a fundamental solution
for Smis and which is contained by II,. .41 is a solution in myeq1 fOr Spia,
when properly oriented, we know that the points of II,.+. which do not re-
main in the variable (m+a)-flat are all on the same side of that (m+a)-flat.
Hence for one sense of rotation the variable (m+a)-flat will remain a solution
for Smias1, and as soon as it contains a point of Sniet1 DOt on Ipys, will be
fundamental for S,1o41. In this way we deduce ¢ fundamental solutions for
Smtat1, which together with IT,,,. constitute a set of a+1 fundamental solu-
tions for Syyat1.

If these solutions were linearly dependent, they would have in common a
point P not on II,. Since one of these solutions, namely II,.4, meets the
others in fundamental solutions for the set S,.,4, this point P would be on the
a fundamental solutions for S,,.. But this contradicts their linear indepen-
dence. Hence by induction we conclude that the set S.... proposed for solu-
tion in the space II..,, has a linearly independent solutions passing through
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the / given points for all possible values of a. The theorem stated follows by
making ¢ = n—m.

9. Solution of numerical problems. In the preceding sections we have
developed the theory which will enable us to solve any of the problems men-
tioned in the introduction. The actual solution requires the knowledge of the
complete system of fundamental solutions of the system (1.1) corresponding
to all the points representing the given conditions; for example, if the system
proposed is

u;>0, u3=0, us_Z_O,

the system of which it is necessary to know the complete system of funda-
mental solutions is

w20, U2 0, us = 0.

If the general solution of only the problem (1.1) is desired, the simplest
way to compute the fundamental solutions is as follows. Assuming unknowns
have been omitted, if necessary, so that the rank of the system is equal to the
number of remaining unknowns, write the equation of every (n»—1)-flat de-
termined by »—1 points of the set. Substitute successively in each the co-
ordinates of all the points of the set. If for a given (» —1)-flat the substitution
gives a variation in sign, the (»—1)-flat is not a fundamental solution. If the
substitution gives only non-negative values, the left member of the equation
of the (n—1)-flat defines an oriented (# — 1)-flat which is a fundamental solu-
tion. If the substitution gives only non-positive values, the left member of
the equation with its sign changed gives a fundamental solution.

If, however, the solution of one of the associated problems is desired, it is
convenient to make use of a rectangular array whose formation we proceed
to describe. Each column is headed by a combination of the indices of the
points of the set taken »—1 at a time, each combination being written once
and only once in a definite but arbitrary order. The rows are numbered with
the indices of the points of the set. The entry made in any position is the
sign of the determinant having as its rows the codrdinates of the points in-
volved, written in the order determined by the indices at the head of the
column followed by the index indicating the row. A zero is used to denote
absence of sign. Any column containing no variation in sign is headed by a
combination of points which determine a fundamental solution, if they do
not lie in an (n—2)-flat. A zero in the array indicates that the point corre-
sponding to the row is in the (z —1)-flat determined by the indices at the top
of the column.



796 R. W. STOKES [July

The totality of fundamental solutions containing a given set of points is
readily picked out by means of this array, and it is easy to tell whether any
point of the set is in a given fundamental solution. It is also possible from the
disposition of zeros in the columns involved to tell whether two fundamental
solutions are distinct.

An examination of the array will show what points are common to all
fundamental solutions through a given set of / points, that is, will determine
the set S, (§8) for those / points.

10. Skeleton sets. If in the sign matrix of the last section every column
which is headed by a combination containing a given index has a variation
in sign, the point corresponding to that index is in no fundamental solution.
As the general solution of (1.1) involves only the fundamental solutions, any
point in no fundamental solution can be omitted without altering the solu-
tion of (1.1), provided its omission leaves the set #-dimensional. The corre-
sponding condition (1.1) is satisfied as a consequence of the others, and its
left member is positive for all solutions.

By a skeleton set of (1.1) we mean a minimum set of the given points which
are necessary to determine the solution. This set is determined in the following
manner.

From the n-dimensional set S, form the array described in the preceding
section. Omit as many points which are in no fundamental solution as will
leave the dimensionality 7, using the test just given. Consider all the points of
S. which are in a particular fundamental solution IT,_;. Call them S,_;.
Form a new array with the points of S._.. If S._1 is consistent, it will have at
least one fundamental solution. Consider a point P of S._, contained in no
fundamental solution in II,_;. P is contained by no solution of the problem
in I1,_; defined by S,_:. Any solution of the problem in » dimensions, other
than II,_,, will intersect II,_; in a solution for S,_; (Theorem 1). Hence P is
on no solution of the original #-dimensional problem except II,_,, and if S,_,
remains (z—1)-dimensional upon its omission, P can be omitted from S.,.
The condition (1.1) corresponding to P will be a consequence of the remain-
ing conditions (1.1), and its left member will be positive for every solution
of (1.1) other than II,_;, which is the only fundamental solution through P.
Let II,_, be a fundamental solution for S,_i, call the points of the set in it
S.—2, and repeat the above operation until finally a 2-dimensional set S, is
reached which is inconsistent in I[,, i.c., has no fundamental solution if pro-
posed as a problem in 4 dimensions.

The sign matrix of S, as a set in & dimensions, has a variation in sign in
every column which contains a non-zero element. There must be at least one
such column because the set is k-dimensional. Any point whose omission
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gives an array with at least one non-zero column and a variation in sign
in every such column can be omitted from the set because the resulting set
will be both 2-dimensional and inconsistent.

Any column contains £—1 zeros. In order that a column contain a varia-
tion in sign, the number of points in a k-dimensional inconsistent set must be
at least £41. It is not always possible, conversely, to reduce an inconsistent
set of £ dimensions to a skeleton set of £+ 1 points: for example, the inconsist-
ent set composed of the vertices of a square whose center is the origin
cannot be reduced to £4-1 =3 points because the omission of any one of the
points leaves a consistent set having the diagonal connecting the two adja-
cent vertices as a fundamental solution.

When all possible points have been omitted by considering all fundamen-
tal solutions and all fundamental solutions contained in them, the remnant
of the set is a skeleton set.

A particular consequence of the above discussion is

THEOREM 12. Any set of n or fewer inequalities (1.1) in n unknowns has a
fundamental solution.

To illustrate the formation of the skeleton set, consider the case of three
dimensions. Draw the planes through the origin determined by every pair of
points of the set. Omit any plane which separates two points of the set. The
planes remaining after the omission will be fundamental solutions. The only
points retained are those in fundamental solutions, with the exception that
when there is only one fundamental solution, a single point not on it is re-
tained in order to leave the set three-dimensional.

Next consider in a fundamental solution the lines joining the points of the
set to the origin, and omit any one of them which separates two points of the
set, together with all points of the set on it. Repeat for the other fundamen-
tal solutions, if any exist.

Next consider one of the lines which have not been omitted. If the origin
separates two points of the set on it, we retain those points and omit the
others. If the points on it are all on the same side of the origin, we retain
any one of them and omit the others.

If the original set is inconsistent, i.e., has no fundamental solution, we
examine each point in turn to see if it can be omitted without making the re-
maining set consistent. By trial, we thus find a three-dimensional inconsist-
ent set, the omission of any one of whose points leaves a consistent set.

If the set of points in a fundamental solution is inconsistent, the process
just outlined for inconsistent three-dimensional sets is to be used to reduce it.

The points of the original set which remain after the above omissions form
a skeleton set for the given three-dimensional set.
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If (1.1) has a solution not containing any point of the set, the geometric
configuration defined by the skeleton set is a convex pyramidal space, having
as its vertex the origin, and as faces all the planes giving fundamental solu-
tions. The consecutive planes intersect along the lines joining the points of
the skeleton set to the origin.

Minkowski has also given a criterion for finding when one of the inequali-
ties is a consequence of the others.*

11. Examples. Solve the system:
N—p+r=0, v 20, w20,
2Az20, X+ pZ20,A+p+v=0.
The set of points defined by the system is
a,-1,1, (0,01, (0,1,0), (2,0,0), (1,1,0), @1,1,1).

We plot these points. The figure shows that there are four fundamental solu-
tions. The same result is obtained from the rectangular array:

12 13 14 15 16 23 24 25 26 34 35 36 45 46 56

10 00 0 0 — — — — — — 0 4+ + +
20 4+ + + + 0 0 0 0 — — — + + 0
3 - 0 4+ + 0 0 4+ + 4+ 0 0 0 0 — ~—
4 — — 0 — — — 0 — — 0 0 4+ 0 0 +
5 — — 4+ 0 — — 4+ 0 0 0 0 4+ 0 — 0
6 — 0 + + 0 — + 0 0 — — 0 + 0 0

The complete set of fundamental solutions is x; z; y+2; and x+y.
The general solution is

ax + bz 4 c(y + 2) + d(x + ),

where @, b, ¢, d are arbitrary non-negative constants.
A particular solution containing no points of the set is

g =2x+y+ 33.

Let us express this in terms of the fundamental solutions by the method of §7.
The family of planes passing through the intersection of ¢ and the funda-
mental solution ¢, =x is

(11.1) x4+ y + 32) + ax.

* Loc. cit., pp. 43-45.
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The a’s corresponding to the other points of the set are —4, —2, —3,
—6. We choose the ¢ numerically smaller than any of the other a’s and sub-
stitute in (11.1), whence

T2 = Y + 3z.
The family of planes through the intersection of 7, and the fundamental
solution ¢; =2 is
y+ 3z + bz.
The d’s corresponding to all the other points of the set are —2, —3, —3, —4.
Hence
g3 =y + 3.
Since ¢; contains two points of the set, it is a fundamental solution, and
c=2x+ 224+ (y + 2).
Starting anew with the fundamental solution o, =x+7y, we get
o= (x+ v+ 3z 4 x.
The addition of the two expressions for ¢ gives
2 =3x+52+@+2+ (x4 y).

This is a linear homogeneous combination of the complete system of funda-
mental solutions, the coefficients being positive constants.
Example 2. Suppose the system proposed for solution is

(0) 0’ 1)7 (— 170: O); (0) 1,0), (1;0; 0)°

There are just two fundamental solutions and they both contain (-1,
0, 0), (1, 0, 0), which therefore constitute the inconsistent set. The general
solution for the case =0 is ay+ bz, where a and b are arbitrary non-negative
constants.

Example 3. The points (1, —1, —1), (2, 0, 0), (2, 2, 2) lie in the plane
y—2z =0. In that plane x and y can be taken as coordinates. The solution of
system (1.1) corresponding to the given points (1, —1), (2, 0), (2, 2) is readily
found to be (a+2b)x+ (a — 2b)y. The general solution of the problem in three
unknowns is given by the pencil of planes through this line and is obtained by
adding ¢(y—2) to the above. Thus the general solution is furnished by

(a4 2b)x + (a — 2b 4+ ¢)y — ¢z,
and is
A=a+2, p=a—2b+c¢, v=—c,
where a and b are arbitrary non-negative constants and ¢ is an arbitrary
constant.
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12. An application. The problem considered by Lovitt* is to find the
conditions of compatibility of the system
AN=u>0 pu—»>0,
(12.1) (41— BN+ (42 — Bo)u + (As — Ba)y > 0,
(A1 —CON+ (A2 — Co)u+ (43 — C3)v > 0,
where the 4, B, C are given non-negative numbers satisfying the relations
(12.2) A= YB= >C.
The matrix of the coefficients is
1 -1 0
0 1 -1
Ay — By, A:; — B: A3 — B;
A;—Cy 42, —C; A3 —Cs
The sum of the elements on each row being zero by virtue of (12.2), the repre-
sentative points all lie in the plane
x4+ v+ 2=0.

The convex polygon defined by a set of coplanar points is the figure as-
sumed by a stretched rubber band placed around pins fixed at the points. It
can be obtained geometrically by drawing all segments determined by two
points of the set, and erasing all those segments which, produced if necessary,
separate two points of the set. It reduces to a straight line if the given points
are collinear.

Hence a geometric form of the necessary and sufficient condition that
(12.1) have a solution is as follows: the origin must not be inside the convex
polygon defined by the representative points nor on its boundary. Since the prop-
erty involved in this condition is unaltered by orthogonal projection on
another plane through the origin, in applying the test for consistency the
representative points can be replaced by their projections on one of the co-
ordinate planes.

To obtain the condition in analytic form, we may take x, y as the co-
ordinates in the plane x+y+2 =0. The sign matrix is then

1 2 3 4

0 - Az — By A3 — Cs

+ 0 A, — B, 4,—-C,
By — A; B, — 4, 0 P
C;—A; C,— 4, =P o ,

B W N e

* Loc. cit.
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where
P = A:(By — Cy) + B+(C; — 4)) + C2(4, — By).

We desire the condition that the associated system with symbols =0
have a solution containing no point of the set. The fundamental theorem
(§7) gives immediately the result, which can be stated as follows: if any
column, say the ith, is deleted from the matrix, there must remain a column con-
taining no variation of sign and containing a non-zero element on the ith row.

It is easy to deduce from the above the two italicized results given by Lo-
vitt on page 365 of his article. The first situation is described by (we have
interchanged the significance of Lovitt’s 4 and B)

Ay = By, As < By, A3 > B3, B; = C;,

and the matrix is

o - + +
0 ) 0

- 0 0 0

- 0 0 0.

There is no solution because after the deletion of the fourth column the only
column with a non-zero element on the fourth row contains a variation of sign.
The second situation is

A, < By, Ay = By, A3 > Bs,
for which the matrix is
0 - + A;—C;
+ 0 - 4,-G
- + 0 P
C3—A; Ci— A4, —P 0

When the last column is omitted, the remaining columns all have variations
of sign. Hence there is no solution.

Strictly speaking, the system treated by Lovitt contains another condi-
tion,
v > 0,

which insures that N, u, v are positive. For the sake of simplicity we have
omitted this condition. It is easy to see, however, that the inclusion of the
additional point (0, 0, 1) will not alter the result given above. For any plane
passed through a line giving a solution in the plane x+y+2 =0 obviously can
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be rotated until all the points, including (0, 0, 1), are on its positive side; and,
conversely, the trace of any solution on the plane x+y+2z =0 is a solution in
that plane by Theorem 1.

13. Non-homogeneous case. With the system of non-homogeneous in-
equalities
(13.1) m+ ZNwi~0 G=1,---,N),

i=1

there is associated a homogeneous system

(13.2) Nz 4+ Sl ~0,
t=1
A >0,
where the symbol ~ represents any one of the signs =, >, =.
If a set of N’s satisfy (13.1), then 1, AL, A%, - - - /A" satisfy (13.2).
Conversely, if a solution of (13.2) is A%, A}, N?, - - - | A, then

%o+ /Al ~0,
=1
that is, A\I/X%, A2/A0, - - - A"/A0is a solution of (13.1). Hence the solution of
(13.1) can be determined from that of (13.2).

The methods of the preceding sections may, therefore, be applied to give
solutions of systems of non-homogeneous inequalities of the general type.

The above reduction is employed both by Minkowski and Dines. The
adjunction of A°>0 to Dines’ system gives a system of the same sort, but its
adjunction to Minkowski’s system gives one of the intermediate types con-
sidered in the present paper. As Minkowski gives the general solution only of
(1.1), his treatment of the non-homogeneous case is incomplete.

14. Positive solutions of systems of homogeneous or non-homogeneous
linear equations. It suffices to discuss the case of homogeneous equations,
because it is always possible to convert a non-homogeneous into a homoge-
neous system by the use of homogeneous codrdinates, as in §13.

This case is covered completely by the fundamental theorem of §7. The
method of solving is given by the following

Example. Find the positive solutions of the equation

A 4 2N2 — N3 — At = 0.
To solve, we must find the fundamental solutions of

A4 22— A=A 20, 120, A220, N* >0, \ = 0.
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For the set of points
(1, 2y - 1) - 1), (1) 0) 0, 0)7 (0’ 1, 0) 0), (07 0) 1; O); (07 0) 0; 1)
we form the array

123 124 125 134 135 145 234 235 245 345

1 0 0 0 0 0 O - + + -
2 0 0 o + - - 0 0 0o -
3 0 - + 0 o 4+ 0 o + O
4 + 0 + 0 - 0 o - 0 0
S - —-— 0 4+ 0 o + 0 0 0.

The complete set of fundamental solutions containing the first point is
y4+ 2t y+ 2z x4+t x4 3.
Hence the general solution is
a(y + 2t) + b(y + 22) + c(x + t) + d(x + 2),
where a, b, ¢ and d are arbitrary positive constants. Thus
NM=c+d N=ag+b N =20+d N = 2a+c.

15. Another form of the necessary and sufficient condition for a solution,
The geometric condition given in §12 can be extended, as we proceed to show.
First we must generalize the notion of the convex polygon defined by a set
of points.

We shall not suppose, as previously, that all the flats contain the origin.

Consider a set of points S which are in a k-flat Fi(S) (0<k<n), but are
not all in a (k—1)-flat. Imagine constructed the set of all (£—1)-flats deter-
mined by S. Omit from it any (k#—1)-flat which separates two points of S,
and denote the remaining (k—1)-flats by F;_.(S).

Consider next the set of all points of S in a member of F;_,. Construct the
(k—2)-flats and discard as before. Denote by F_,(S) the totality of (k—2)-
flats remaining after this process has been applied to all the members of
Fi1

If this process is continued, we finally obtain a set of lines F,(S), none
of which separates any two points of S coplanar with it. Each of these lines,
being determined by points of S, contains at least two distinct points of S.
The application of the above general process to each line leaves two points
which are separated by every other point of S on their join. The points of .S
finally remaining are denoted by Fo(S) and are said to determine the convex
figure associated with S. The points in Fo(S) are called its vertices.
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From the method of the construction no (¥ —1)-flat of F,_.(S) separates
two points of S. Consequently, as in §7, any (k£ —1)-flat of Fi_; can be rotated
about the (k—2)-flat determined by 2 —1 points of Fo(S) in it in such a sense
that the points of S continue to be not separated by it. When it acquires
another point of S, it again becomes a member of F;_i(S). If the initial and
final positions coincided, all the points of S would lie in a (k—1)-flat, con-
trary to hypothesis. Hence F;_,(S) contains at least two (k—1)-flats, i.e., the
set Fo(S) is not contained by a single (k—1)-flat. Therefore we have

THEOREM 13. The convex figure associated with a set of points has the same
dimensionalily as the set of points.

By an induction entirely analogous to that used in proving Theorem 11,
we prove

THEOREM 14. There are p linearly independent (p—1)-flats in F,_\(S)
which contain a given vertex of Fo(S).

A particular consequence is obtained by making p = k:

THEOREM 15. There are k linearly independent (k—1)-flats of Fi_.(S)
through every verlex of Fy(S).

By an equation Fo(S) =Fo(T) we mean that the two point sets involved
are identical.
A point P of space for which

(15.1) Fo(S + P) # Fo(S)

is said to be exterior to the convex figure Fo(S). P is then necessarily a vertex of
Fo(S+P).

Relation (15.1) surely holds if P is not on the k-flat containing S.

Any point P which is on a (k—1)-flat of F;_1(S) and for which

(15.2) Fo(S + P) =Fo(5)
holds is said to be on the boundary of the convex figure Fo(S). The totality of
points P in any (k—1)-flat of F;_:(S) and on the boundary of Fo(S) consti-
tute a face of the convex figure. By Theorem 15 there are at least & faces
through each vertex. The regular octahedron furnishes an example of a case
where there are more than this minimum.

A point P which is on no (¢ —1)-flat of F;_,(S) and for which (15.2) holds
is said to be interior to the convex figure Fo(S).

We are now in a position to prove

THEOREM 16. The svstem
Z)\‘xf >0

i1
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has a solution if and only if the origin is exterior to the convex figure associated
with the representative points.

The condition is necessary. Suppose the origin P is not exterior. Because of
equation (15.2), either P is a vertex of Fo(S) or it is collinear with two points
of S which it separates. In the former case, every solution of the associated
system (1.1) contains a point of the set S, namely, P. In the latter case, any
flat through the origin contains the two points of the set or separates them.
In either case, therefore, there is no solution.

The condition is sufficient. When it is fulfilled, the origin is a vertex of
Fo(S+P). Hence by Theorem 15 there are » linearly independent faces of
Fo(S) through P, i.e., n linearly independent fundamental solutions for the
set S, where # is the dimensionality of the point set S+P (either & or k+1).
From Theorem 11 the dimensionality of the inconsistent set for a set of
! =0 points is zero. Hence by Theorem 10 there is a solution.

In the same way we readily prove

THEOREM 17. The system
' =0
=1
has a solution other than an equality solution if and only if the origin is not in-
terior to the convex figure associated with the representative points.
It is to be noted that the last two theorems are true whatever the rank
of the matrix of the coefficients may be.
The writer wishes to acknowledge indebtedness to Professor J. M.
Thomas under whose direction this work was done.
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